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Various techniques exist for reducing the cogging torque in radial-flux permanent-magnet (RFPM) machines. However, although
some of these can be applied to axial-flux PM (AFPM) machines, the additional manufacturing complexity and cost may be prohibitive.
Therefore, alternative low-cost techniques are desirable for use in AFPM machines. In this paper, the utility of employing cogging torque
minimization techniques that have been developed principally for use in RFPM machines is examined by 3-D finite-element analysis,
and several alternative cogging torque minimization techniques for AFPM machines are proposed.

Index Terms—Axial flux, cogging torque, permanent magnet, torque ripple.

I. INTRODUCTION

ASSESSING the torque performance of different machine
designs remains a challenging task, since not only must the

torque density be considered, but also the torque ripple [1]–[5].
The main sources of torque ripple are [1]–[3]: a) cogging; b)
pulsewidth modulated (PWM) current harmonics; (c) nonideal
back-electromotive force (EMF) waveforms; d) phase commu-
tation events; and e) causes such as dc-link voltage pulsation and
inverter dead-time. At high speeds, torque ripple is usually fil-
tered out by the system inertia. However, at low speeds, torque
ripple may result in an unacceptable speed variation, vibration,
and acoustic noise.

This paper is concerned only with the minimization of cog-
ging torque, since it is often a significant consideration during
the design of permanent-magnet (PM) machines. It occurs from
the interaction between air-gap permeance harmonics due to
stator slotting and magnetomotive force (MMF) harmonics
due to the permanent magnets. The investigation is focused on
axial-flux PM (AFPM) machines. A variety of techniques exist
for reducing the cogging torque of radial-flux PM (RFPM)
machines [6]–[27], such as skewing the slots and/or magnets,
displacing and shaping the magnets, employing auxiliary slots
or teeth, optimizing the magnet pole-arc to pole-pitch ratio,
employing a fractional number of slots per pole, and imparting
a sinusoidal self-shielding magnetization distribution, etc.
These were recently reviewed in [28]. Some of the techniques
can be applied directly to AFPM machines [29]–[35]. How-
ever, their impact on manufacturing cost may be prohibitive.
Consequently, alternative low-cost techniques for use in AFPM
machines are desirable. In this paper, the utility of various
cogging torque minimization techniques for AFPM machines
is examined by 3-D finite-element analysis, and several new
approaches are proposed.
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II. COMPUTATION OF COGGING TORQUE

Irrespective of whether the cogging torque waveform is deter-
mined analytically or by finite-element analysis (FEA), it can be
described by a Fourier series [8]

(1)

where is the rotor rotating position, and are the ampli-
tude and phase of the th harmonic component, is the least
common multiple between the number of rotor poles, , and
the number of stator slots, . When the number of slots per
pole is an integer, .

The cogging torque can be computed by finite-element anal-
ysis using either Maxwell’s stress tensor or the virtual work
technique [36]–[40]. Maxwell’s stress tensor method has the
advantage that each cogging torque calculation only requires
a single field computation. However, the achievable accuracy
is critically dependent on the discretization and the integration
path. On the other hand, the virtual work method is generally
easier to implement [36]. However, it requires field calculations
at two rotor positions, and the accuracy may be compromised by
the numerical error resulting from the difference of two similar
large values of magnetic energy. In this paper, the 3-D finite-el-
ement software Maxwell is employed to calculate the cogging
torque based on the virtual work principle. However, since 3-D
modeling is generally required for analyzing the cogging torque
in AFPM machines [29]–[35], and this remains relatively time
consuming [36], [37], analytical techniques are combined with
3-D finite-element analyses whenever possible in order to sim-
plify the calculation. The effectiveness of this approach has al-
ready been demonstrated in [27], [28], [41]–[44]. For example,
if one rotor of a double rotor AFPM machine is displaced by an
angle relative to the other rotor, the resultant cogging torque
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Fig. 1. Comparison of predicted and measured cogging torque for AFPM ma-
chine [34].

can be synthesized analytically:

(2)

where is the amplitude of the th harmonic component of
cogging torque due to one rotor.

Hence, the resultant cogging torque is reduced, compared
with that which results in an AFPM machine without such a
rotor displacement, by the factor

(3)

for each harmonic component.
When the permanent magnets are disposed asymmetrically or

unequal width magnets are employed, the cogging torque can be
similarly synthesized and reduced.

The cogging torque waveform of a double-rotor, single-stator
AFPM machine has been calculated by finite-element analysis
and validated by measurements [34]. The machine not only had

Fig. 2. 8-pole, 24-slot axial-flux surface-mounted magnet machine.

TABLE I
PARAMETERS OF REFERENCE AXIAL-FLUX PM MACHINE

Fig. 3. (a) Parallel and (b) radial slot openings for AFPM machines.

magnets affixed to the rotor surface but also iron pole pieces, in
order to increase the flux-weakening capability, as illustrated in
Fig. 1(a). However, cogging torque minimization features were
not specifically employed because of the cost implications. As
will be seen from Fig. 1(b), the predicted and measured results
compare favorably.

III. PARAMETERS OF AFPM REFERENCE MACHINE

The investigation that is reported in this paper is based on
an AFPM machine that consists of a 24-slot stator sandwiched
between two 8-pole rotors, as shown in Fig. 2. The stator com-
prises a tape wound core and a gramme-ring type winding, while
the rotor comprises a mild-steel disc and “fan”-shaped surface-
mounted magnets. The machine parameters are given in Table I.
Parallel stator slot openings (Fig. 3), rather than radial slot open-
ings, are employed to ease manufacture. When the slot openings
are parallel, the ratio of the width of the slot openings to the
slot-pitch is not constant. As a consequence, the effective cog-
ging torque waveforms at different radii are different. This is in
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Fig. 4. Cogging torque waveform of reference AFPM machine (Number of fi-
nite elements for each torque point: 170 176 tetrahedras, total CPU time: 25 min,
Computer used: P4-1.8 MHz PC).

contrast to the cogging torque waveform that results with radial
slot openings, for which the ratio of the width of the slot open-
ings to the slot-pitch remains constant with the radius. There-
fore, as will be shown later, appropriate design of the slot open-
ings in AFPM machines is one of the key means of cogging
torque reduction.

The AFPM machine under consideration has a peak cogging
torque of 8.0 Nm, the cogging torque waveform being shown in
Fig. 4.

IV. COGGING TORQUE MINIMIZATION

As mentioned in the introduction, numerous techniques exist
for minimizing the cogging torque, and these are well docu-
mented. However, the majority are used to reduce the cogging
torque in RFPM machines. In this section, therefore, cogging
torque minimization techniques for AFPM machines will be ex-
amined, and additional features that might be incorporated in
AFPM machine designs to reduce the cogging torque will be
highlighted.

A. Ratio of Stator Slot Number to Rotor Pole Number

In integral slot machines, for which the number of slots per
pole is an integer, each rotor magnet has the same position rel-
ative to the stator slots. Consequently, the cogging torque com-
ponents that are produced by all the magnets are in phase, which
leads to a high resultant cogging torque. However, in fractional
slot machines, for which the number of slots per pole is a non-
integer, the rotor magnets have different positions relative to
the stator slots, and consequently produce cogging torque com-
ponents that are out of phase with each other. The resultant
cogging torque is, therefore, reduced since some of the cog-
ging components are partially cancelled. In general, it is prefer-
able to employ a slot and pole number combination that has a
high least common multiple between the number of slots and
the number of poles [8]. However, although fractional slot de-
signs are common for RFPM machines, they are unsuitable for
some AFPM machines, such as those having a consequent-pole
rotor [34] due to the gramme-ring type (or back-to-back type)
winding disposition.

Fig. 5. Variation of one cycle of cogging torque waveform with magnet pole
arc, for � = 80–170 elec.

B. Dummy Slots in Stator Teeth

One technique for reducing the cogging torque is to introduce
dummy slots in the stator teeth [8], [20], which reduces the am-
plitude and increases the frequency of the cogging torque. How-
ever, a significant disadvantage is that this complicates the man-
ufacturing process and, therefore, increases the cost.

C. Magnet Pole-Arc to Pole-Pitch Ratio

The cogging torque can be minimized by employing an ap-
propriate magnet pole-arc to pole-pitch ratio. Since the cogging
torque is produced by the interaction between the edges of the
magnet poles and the stator slots, both the magnitude and shape
of the cogging torque waveform depend on the magnet pole arc.
Reducing the magnet pole-arc to pole-pitch ratio reduces the
magnet leakage flux, but it also reduces the magnet flux, and,
consequently, the average torque. Hence, a compromise is usu-
ally required. In addition, consideration needs to be given to the
influence of the magnet pole arc on the back-EMF related torque
ripple.

The optimum magnet pole arc, , for minimum cogging
torque in RFPM machines [8] also applies to AFPM machines,
viz.

(4)

where , where is the number of pole pairs. How-
ever, in practice the optimum is slightly larger than that given
in (4) due to the influence of interpole flux leakage.

Finite-element predicted cogging torque waveforms of the
reference AFPM machine shown in Fig. 2 are shown in Fig. 5
for various magnet pole arcs, while Fig. 6 shows the variation in
the peak-to-peak amplitude. It can be seen that when the magnet
pole arc is 140 elec. , the peak cogging torque is

51% of the rated torque, while when the magnet pole arc is
122.5 elec. , the peak cogging torque is a min-
imum, and is reduced to 5% of the rated torque.

D. Conventional Skew: Either Stator Slots or Rotor Magnets

Skewing is one of the simplest, most effective, and common
techniques to reduce the cogging torque. It also reduces high
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Fig. 6. Variation of peak-to-peak cogging torque of reference machine with
magnet pole arc.

Fig. 7. Skewed magnet AFPM machine rotor. Magnet ABCD is skewed to
ABC D .

order harmonics in the back-EMF waveform of brushless ac
machines. It can be accomplished by skewing either the stator
slots or the rotor magnets. If the magnets are skewed by one
slot-pitch, the cogging torque effectively becomes zero. How-
ever, while skewing the rotor magnets is relatively difficult in
RFPM machines, since the shape of the magnets becomes com-
plex, it is relatively easy to skew the magnets in AFPM ma-
chines. By way of example, Fig. 7 illustrates both skewed and
nonskewed magnets on an AFPM machine rotor, an unskewed
magnet being ABCD, whilst the skewed magnet is .

The smallest skew angle for minimizing the cogging torque
is [8]

(5)

for machines having a fractional number of slots per pole, or

(6)

for machines having an integral number of slots per pole.
As an alternative to skewing the magnets, the stator slots may

be skewed, although this increases the leakage inductance, as
well as the copper loss (due to the increase in winding length)

In general, as for RFPM machines [8], the peak cogging
torque gradually reduces as the skew angle is increased. How-
ever, due to magnetic leakage at the inner and outer radii of
the magnets in an AFPM machine, the optimal skew angle

Fig. 8. Variation of cogging torque waveform in AFPM machine with magnet
skew angle.

Fig. 9. Variation of peak-to-peak cogging torque with magnet skew angle.

may not be exactly as given by (5) and (6), while the minimum
cogging torque may be not zero. By way of example, Fig. 8
shows the variation of the cogging torque waveform of the
reference AFPM machine as the skew angle is varied from a 1/4
slot-pitch to 3/2 slot-pitches, while Fig. 9 shows the variation
in the peak-to-peak amplitude of the cogging torque. As can
be seen, the peak cogging torque reduces as the skew angle is
increased and is a minimum at a skew angle of 18.75 mech.

E. Alternative Magnet Skew Techniques

There are various ways in which the magnets of an AFPM
machine may be skewed, as illustrated in Fig. 10. These are
investigated in the next four sections.

1) Triangular Skew: Skew may be introduced by bringing
the sides of the magnets at the rotor OD closer together while
they are moved farther apart at the rotor ID, as shown in Fig. 11,
thereby resulting in a triangular shaped airspace between ad-
jacent magnets. The cogging torque waveform has been deter-
mined for four different skew angles, , with the magnet surface
area maintained constant. As can be seen from Fig. 12, a signifi-
cant reduction in the cogging torque can be achieved as the skew
angle, , is increased, an 84.3% reduction in the peak cogging
torque being achieved when mech.

2) Parallel-Sided Magnets: Parallel-sided magnets can also
be employed to reduce the cogging torque, since, as illustrated
in Fig. 13, this results in skew relative to radial-sided magnets.
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Fig. 10. Various ways of skewing magnet: (a) unskewed, (b) conventional
skew, (c) triangular skew, (d) parallel-sided magnets, and (e) trapezoidal skew.

Fig. 11. Triangular skew.

Fig. 12. Variation of cogging torque waveform with angle �.

The distance between adjacent magnets is then given approx-
imately by

(7)

where and are the inner and outer radii of the magnet,
is the pole-arc to pole-pitch ratio, and is the number of poles.
It should be noted that the influence of employing parallel-sided
magnets in reducing the cogging torque will be more significant
in AFPM machines with a low pole number than those with a
high pole number.

Fig. 14 compares the cogging torque waveforms that result
with radial- and parallel-sided magnets. It can be seen that the

Fig. 13. Comparison of parallel-sided A B C D and radial-sided ABCD
magnets.

Fig. 14. Comparison of cogging torque waveforms that result with radial- and
parallel-sided magnets.

Fig. 15. Trapezoidal skew.

peak cogging torque can be reduced by 34% by employing par-
allel-sided magnets. The main advantage of this approach that
the leakage flux at the outer radius of the magnets is reduced.

3) Trapezoidal Skew: Another way of realizing skew in
AFPM machines is illustrated in Fig. 15, in which the magnets
are shaped such that their inner edges are closer than the outer
edges, so that the ratio of the magnet pole arc to pole pitch
at the inner radius is higher than that at the outer radius. This
results in a reduction of 62% in the cogging torque, as shown
in Fig. 16. However, one drawback is the fact that the leakage
flux at the inner radius of the magnets then increases, which
compromises the average torque.

4) Circular Magnets: Circular magnets are also an effective
means of introducing skewing in AFPM machines (Fig. 17). To
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Fig. 16. Comparison of cogging torque waveforms that result with radial-sided
magnets and trapezoidal skew.

Fig. 17. AFPM machine rotor with circular magnets.

Fig. 18. Comparison of cogging torque waveforms for pole-arc/pole-pitch ratio
of 0.756 and 0.57 in reference machine, and with equivalent circular magnets
(equivalent pole-arc/pole-pitch ratios in circular magnet-1 and circular magnet-2
are 0.756 and 0.57).

demonstrate this, the cogging torque of the reference AFPM
machine has been calculated when the rotor is equipped with
circular magnets. Two different diameters of magnet have been
considered, their cross-sectional areas being equivalent to mag-
nets having a pole-arc/pole-pitch ratio of 0.756 and 0.57, in the
reference machine. As can be seen from Fig. 18, a very signif-
icant reduction in the cogging torque can be achieved by em-
ploying circular magnets.

5) Dual Skew Magnets: Dual skewed magnets have been suc-
cessfully employed to reduce the cogging torque in radial-flux
PM machines [45] and to eliminate the axial force that gener-
ally results with skew. They can readily be employed in AFPM
machines, as illustrated in Fig. 19. However, the most likely

Fig. 19. Dual skew magnets in AFPM machine [45].

Fig. 20. Comparison of cogging torque waveforms in reference machine and
with dual skew magnets.

drawback is the additional complexity and manufacturing cost
of such magnets, although the cost of magnets for AFPM ma-
chines is usually lower than that for RFPM machines, which are
usually radially oriented arc-segments.

The cogging torque, which results when the inner and outer
skew angles are identical and the magnet cross-sectional area
is the same as that of the magnets in the reference machine, is
shown in Fig. 20, for a skew angle of 1/2 slot-pitch. Again, a
significant reduction in the cogging torque is achieved.

F. Magnet or Pole Displacement

Another effective technique to minimise the cogging torque
is to displace adjacent magnets relative to each other, as illus-
trated in Fig. 21, both options (a) and (b) being equally effective.
However, as the magnets are shifted from their symmetrical po-
sitions the leakage flux increases on one side of each magnet
and decreases on the other side.

Fig. 22 shows the influence of displacing the magnets with
reference to one slot-pitch on the cogging torque waveform.
As will be seen, the cogging torque can be reduced significantly.

G. Variable Magnet Pole Arc

As will be evident from Fig. 5, the phase of the cogging torque
waveform changes as the magnet pole arc is varied. Hence, an-
other method of reducing the cogging torque is to employ dif-
ferent magnet pole arcs for adjacent magnets, as illustrated in
Fig. 23 such that the phase difference between the associated
cogging torques results in a smaller net cogging torque [32],
[34], although two different sized magnets are required.

Fig. 24 shows the influence of varying the pole arc of alternate
magnets in the reference AFPM machine, with the other mag-
nets having the original pole-arc to pole-pitch ratio of
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Fig. 21. Options for displacing magnets in AFPM machines.

Fig. 22. Influence of displacing magnets on cogging torque of reference
machine.

, i.e., elec. As will be seen, the peak cogging torque
is a maximum when the magnet pole-arc to pole-pitch ratio

, and is minimum when the pole-arc to pole-pitch
ratio , i.e., elec., after which it increases
as the pole arc is further increased.

Fig. 23. Rotor equipped with two different magnet pole arcs.

Fig. 24. Variation of peak cogging torque when alternate magnet pole arcs =
110 elec. and pole arc of other magnets is varied.

Fig. 25. AFPM machine with two rotors displaced relative to each other.

H. Circumferential Displacement of Rotor/Stator

The cogging torque in a double air-gap AFPM machine re-
sults from the superposition of the cogging torque waveforms
associated with each air gap. The resultant cogging torque can,
therefore, be reduced by circumferentially changing the relative
phase of the two rotors of a double-rotor, single-stator AFPM
machine or the two stators of a double-stator, single-rotor AFPM
machine, as illustrated in Fig. 25.

Cogging torque waveforms that result with various rotor
displacements (from 1.5 mech. to 11.5 mech.) are shown in
Fig. 26, which also includes the cogging torque waveform
of the reference machine. The corresponding variation of the
peak cogging torque with the rotor displacement is shown in
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Fig. 26. Variation of cogging torque waveform with rotor displacement.

Fig. 27. Variation of peak cogging torque with rotor displacement.

Fig. 28. Displaced stator slot openings and slots. (a) Displaced slot openings.
(b) Displaced slots.

Fig. 27, minimum cogging being achieved with a 1/2 slot-pitch
(30 elec.).

I. Displaced Slots and Slot Openings

Another approach for reducing the cogging torque is to em-
ploy a different stator design such that either the stator slot open-
ings, Fig. 28(a) [35], or the stator slots, Fig. 28(b) [34], on one
side can be displaced relative to those on the other side. For ex-
ample, if the slot openings are displaced by a 1/2 slot-pitch, as

Fig. 29. Comparison of cogging torque waveforms with/without displaced slot
openings.

shown in Fig. 28(a), the cogging torque waveform associated
with each air gap will be phase shifted by 180 elec., so that the
resultant cogging torque frequency is doubled and the ampli-
tude is reduced significantly. This will be evident from Fig. 29,
which shows that the peak-to-peak cogging torque is decreased
by 25% when the stator slot openings are displaced by a 1/2
slot-pitch.

V. CONCLUSION

Various techniques for minimizing the cogging torque in
AFPM machines have been investigated. A double-rotor,
single-stator AFPM machine has been used as a reference
machine, and the effectiveness of the techniques have been
examined by 3-D finite-element analysis.

It has been shown that, similar to RFPM machines, an op-
timal ratio of magnet pole arc to pole pitch exists for AFPM ma-
chines for minimum cogging torque. The combination of stator
slot number and pole number affects the cogging torque signifi-
cantly, and should be selected to make their least common mul-
tiple as high as possible. Although the use of a fractional number
of slots per pole is advantageous for low cogging torque, and is
commonly used for RFPM machines, it should be avoided when
a consequent-pole rotor and gramme-ring type stator winding
are employed in AFPM machines. The cogging torque can also
be reduced by appropriate choice of magnet pole-arc to pole-
pitch ratio, but a residual cogging torque usually remains.

As shown in the paper, skewing is very effective in mini-
mizing cogging and can be achieved in several ways in AFPM
machines. It has also been shown that in a double air-gap AFPM
machine, displacing the stators of a double-stator machine or
the rotors of a double-rotor machine relative to each other, or
displacing the stator slots or slot openings, is also effective.
However, one of the possible drawbacks associated with such
features is that the back-EMF waveform becomes more sinu-
soidal, which may result in the torque ripple in brushless dc
drives, but it is advantageous for brushless ac drives. In addi-
tion, the back-EMF, and consequently the average torque, will
be reduced slightly.
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