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Prompt response to customer demand has long been a point of major concern in supply chains. “Inventory
wars” between suppliers and their customers are common, owing to cases in which one supply chain party
attempts to decrease its stock at the expense of the other party. In order to ensure that suppliers meet their
commitments to fulfill orders on time, customers must formulate incentives or, alternatively, enforce penal-
ties. This paper deals with a customer organization that has a contract with a supplier, based on Just-In-Time
strategy. Initiating a policy of sanctions, the customer becomes the lead player in a Stackelberg game and
forces the supplier to hold inventory, which is made available to the customer in real-time. Using a class
of sanctioning functions, we show that the customer can force the supplier to hold inventory up to some
maximal value, rendering actual enforcement of sanctions unnecessary. However, contrary to expectations,
escalation of the enforcement level can in fact reduce the capacity of the supplier to replenish on time. Conse-
quently, the customer must sanction meticulously in order to receive his inventory on time. Having the pos-
sibility to devote a few hours each day to sanctioning activity significantly reduces the customer’s expected
cost. In particular, numerical examples show that the customer’s costs under an enforcement level may be
only 2 percent higher than his costs in a situation in which all inventory is necessarily replenished on time.

© 2015 Elsevier B.V. and Association of European Operational Research Societies (EURO) within the
International Federation of Operational Research Societies (IFORS). All rights reserved.

1. Introduction

Prompt response to customer demand has long been a point of
major concern in supply chains and has given rise to such inven-
tory management strategies as Continuous Replenishment Program,
Efficient Consumer Response, Just-In-Time (JIT) Supply, Ship-to-Order
and Demand-Driven Supply (see, for example, Barnes et al., 2000;
Harris, Swatman, & Kurnia, 1999; Raghunathan & Yeh, 2001; Ayers,
2001). In the electronics industry, for example, original equipment
manufacturers (OEMs) frequently contract out their manufacturing
to electronics manufacturing services, and the latter are contrac-
tually obligated to meet the OEMs’ demands on a continuous basis
in a JIT mode, with little or no advance notice (Barnes et al., 2000).
Intra-supply-chain competition constitutes a main barrier to the
implementation of such inventory management approaches. Indeed,
“inventory wars” between suppliers (e.g., manufacturers) and their
customers (e.g., retailers) are a common occurrence, owing to cases
in which one supply chain party attempts to decrease its stock at the
expense of another party (Cachon, 2001). As a result of such com-
petition, the likelihood of stockouts grows, and the replenishment
lead-time becomes uncertain.
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Management literature suggests various coordination approaches
to overcome intra-supply-chain competition. These approaches are
based on specially designed incentives, penalties and cost sharing.
Grout and Christy (1999), for example, examine how a supplier, com-
mitted to a long-term contract with a customer based on a fixed sell-
ing price, responds to incentives for supplying JIT shipments on time,
as well as to penalties for failure to fulfill demand on time. The au-
thors show how increasing the incentive or penalties increases the
inventory capacities that the supplier holds. If there is no incentive
or, alternatively, the penalties are not enforced, the supplier is led to
reduce his inventory capacities as well as his service level.

Vendor-managed inventories (VMI) are another successful ap-
proach to preventing the uncertain lead-times and low service levels
associated with intra-supply-chain competition. With VMI, suppliers
generate orders based on mutually agreed-upon objectives for inven-
tory levels, fill rates and transaction costs, in addition to demand in-
formation sent by their distributor customers. The supplier shares the
customer’s inventory-related costs and monitors the inventory status
information to make sure that the distributor customer always has
the appropriate amount of stock on hand (see, for example, De Toni &
Zamolo, 2005; Lee, So, & Tang, 2000; Vigtil, 2007; Yonghui & Raiesh,
2004 for deliberations on information sharing between parties
employing VMI). It has been shown that, in promoting information
sharing between the customer and the supplier, vendor-managed
systems enable the customer (distributor) to lower his inventory
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levels, thereby leading to carrying-cost savings (Cachon & Fisher,
1997; Schenk & McInerny, 1998). Moreover, vendor-managed systems
provide the supplier with flexibility in its production operations (Fry,
Kapuscinski, & Olsen, 2001; Savasaneril & Erkip, 2010). Given that the
firms maintain their independence, however, they can exercise dis-
cretion over the extent of information sharing, which may have com-
plex consequences. Notably, Lee et al. (2000) show that the supplier’s
on-hand inventory level may be affected by the level of information
shared with the customer. In particular, the authors find that if the
customer does not inform the supplier of the realized value of the de-
mand in each period, the supplier ends up holding an inventory level
that is almost two times greater than that under information sharing.

Another approach is to incentivize the supplier to increase its in-
ventory level, thereby reducing the lead-times and the likelihood of
stockouts on the customer’s side. This approach is realized through
so-called option contracts, in which the customer pays for the op-
tion to obtain additional supplies when needed. Specifically, in Wang
and Liu (2007) the customer orders a basic level of inventory, and the
supplier necessarily holds that level. In addition, the customer pays
an option cost for every additional unit of inventory that the sup-
plier chooses to hold for him. If, according to the realized demand,
the customer needs to exercise an additional purchase of inventory,
he pays an exercise cost. Consequently, it is in the supplier’s interest
to hold a greater level of inventory than that of the customer’s basic
order (see also Zhao, Wang, Cheng, Yang, & Huang, 2010). Fang and
Whinston (2007) consider an option contract in which the supplier is
dominant and sets the option and exercise costs. If a customer buys
options in advance (before the demand is realized), he receives prior-
ity over other customers in receiving the inventory. The authors show
that the inventory level that the supplier holds in this case is higher
than that under no option contract.

In this paper we examine the case of a customer who employs
the JIT management strategy when contracting with a supplier. The
JIT management strategy implies that lead-times are short. The cus-
tomer’s goal is to set an optimal enforcement policy in order to pre-
vent breach of contract by the supplier, and to minimize the associ-
ated costs.

Our study is motivated by a real-life supply chain involving the
Israel Police (customer) and a supplier of security products. The ar-
rangement between the customer and the supplier is based on a stan-
dard contract, according to which, at the beginning of each period, the
customer sets an order quantity to be supplied and pays for the order.
The supplier then ships the products over the course of the period in
response to the customer’s ongoing requests. When demand during a
given period is lower than expected, the customer might not request
that the entire order quantity be shipped during that period; in such
a case, the supplier will still fulfill the entire prepaid order by the end
of the period. Similarly, if, at any point in time over the course of the
current period, the supplier does not have sufficient stock to fulfill a
specific order, the unshipped quantity will be supplied by the end of
the period.

A key point of concern in the scenario described is that inventory
shortage can lead to deadly consequences. As a result, both the po-
lice (customer) and the supplier accumulate excessive inventories,
thereby consuming vast resources. The large order quantities dealt
with imply that high inventory costs are involved, even if the unit
holding cost is not high. In order to reduce his own holding costs,
the supplier attempts to reduce the quantity of stock he holds at any
given time. This implies that the supplier ships steadily in response
to the customer’s requests (i.e., his shipment costs are not affected)
but is not always able to completely fill the orders on time. As noted
above, in cases in which the supplier lacks sufficient stock to fulfill an
order, he ships the remaining quantity at the end of the period. This
behavior induces the customer to hold greater stocks. To prevent the
supplier from engaging in such behavior, the customer employs sanc-
tions against the supplier when the latter does not provide timely

shipments. The supplier is then charged by the purchasing depart-
ment, which takes all the complaints into account and issues them
in the form of a monetary charge to the supplier. Note that the cus-
tomer imposes sanctions only on days in which it requests products
(which have been paid for as part of the prepaid order made at the
beginning of the current period) and the supplier is not able to ship
the products on those same days. Enforcement of sanctions inflicts
costs on the customer: the act of sanctioning is time-consuming and
is carried out in addition to the standard logistic functions executed
by customer’s management department. Thus, the time invested in
sanctioning, referred to as the enforcement level, is a decision vari-
able. That is, the customer’s effort level is measured with the time
spent on sanction-related activities, which is a common practice. The
customer’s goal is to find the optimal trade-off between the total in-
vestment in sanctioning and the inventory holding cost.

We model the competition in the described two-echelon supply
chain with a Stackelberg game such that the customer is the leader,
whereas the supplier is the follower. Our results show that the cus-
tomer can force the supplier to hold inventory up to some maximal
value. This value depends on the total time that the customer can ac-
tually spend enforcing penalties on each day, on the rigorousness of
the punishment toward the supplier due to not replenishing on time
(see below), on the holding cost and on demand distribution. More-
over, we find that when the customer escalates the enforcement level,
the supplier does not necessarily increase the inventory level that he
holds throughout the period (and can thereby replenish on time) and
may even reduce it.

The rest of this paper is organized as follows. Section 2 presents
a description of the problem and the corresponding model. Section 3
describes the decision of the supplier (follower player) regarding the
inventory level he holds for the customer. This decision is made in
response to the decisions of the customer (leader player) about the
order quantity and enforcement level; the customer’s model is de-
scribed in Section 4. Both Sections 3 and 4 include analytical models
as well as numerical illustrations. Section 5 concludes the paper.

2. Problem formulation

We consider a multi-period two-echelon supply chain model con-
sisting of one supplier and one customer. During each period, n, of T
days, the customer’s inventory has to satisfy a total periodic demand
of Dy,. This demand is stochastic with realization d;, probability den-
sity function fy(d,) and cumulative distribution function Fy(-). As in
many studies, including Khmelnitsky and Caramanis (1998), Kogan
and Lou (2002) and Kogan and Tell (2009), the demand rate D/t
within a given period n is assumed to be constant. Let N be the to-
tal number of periods. At the beginning of each period n, before the
demand is realized, the customer orders g, units of inventory based
on his initial inventory I,. According to the contract, the supplier has
to replenish that quantity of inventory over the course of period n, in
shipments of quantities that correspond to the customer’s needs. The
supplier is a distributor or a wholesaler that can deliver in no time
if his stocks are sufficient. Moreover, in the type of environment that
we consider (i.e., a small country), distances are small, so the deliv-
ery process is quick and efficient. Therefore, we assume the supplier’s
lead time is negligible. On the other hand, it takes time to his subcon-
tractors to manufacture and deliver the products. Therefore, the sub-
contractors’ lead-time is not zero, that is, the supplier cannot wait un-
til the last moment for the demand to realize as he might not be able
to meet the demand and thus incur penalties. However, in an attempt
to avoid holding costs, the supplier may choose not to hold the entire
quantity g, in his warehouse during the period and instead to hold
only some fraction «, of g,. We refer to onq, as the “held quantity”
at period n. Thus, the quantity of inventory that is available for the
customer during period n is I+ anqn. The customer will necessarily
receive the rest of the order, (1—ay)qn, at the end of that period. On
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the basis of the value of «v;; (as well as the values of g, and Dj; see be-
low), the customer chooses how many hours he will spend each day
engaging in enforcement activity; this number of hours is denoted by
xn and is referred to as the enforcement level. Enforcement activity
can include, for example, submitting reports and complaints to the
customer’s purchasing department regarding the supplier. The value
of x,, which is a function of &, must be lower than or equal to a max-
imal capacity x™3X, The customer pays cost c for every hour he spends
engaging in sanctioning activity. At the end of period n, the supplier is
charged by the purchasing department. The cost, or penalty, that the
supplier pays as a result of the customer’s enforced sanctions, is de-
noted p(xy); this function is increasing, convex and satisfies p(0) = 0.
Once the customer orders a product quantity (which naturally ac-
counts for his inventory on hand, I,;), the customer’s intention is to
penalize the supplier not fulfilling the order on time, even if the cus-
tomer will have no shortage in his stock by the time the shipment is
required. Therefore, the supplier’s inventory policy does not depend
on the stock that the customer holds.

Previous research shows that, in games such as that described
above, the customer can gain a significant advantage by being the
leader rather than the follower (Dukes, Geylani, & Srinivasan, 2009;
Matsui, 2010; Xue, Demirag, & Niu, 2014). In order to fortify his lead-
ership in the game, at the beginning of period n and after determin-
ing the order quantity g, the customer defines the enforcement level
function x; () and shares it with the supplier. (Note that, since this
function’s structure is affected by g, as well as by the demand Dy,
its complete notation is xﬂ“’D” (an); however, we only use this symbol
when it is essential.) The supplier responds by setting o;. Depend-
ing on the demand realization d,, the enforcement level function is
a random variable (with realization xﬂ"‘d” (arp)) for every value of ap.
This function is decreasing in the interval [0,1], and satisfies x,(0) <
XMaX 3s well as
xInPr (o) = 0 fora, zmin{%,]}A (1)

n

The reasoning for (1) is as follows. If o, = 1, then no sanctions are
required. Moreover, if the held quantity «,q, is greater than the re-
alized demand d;, then during period n the supplier holds inventory
that meets the whole periodic demand. Thus, the customer does not
impose any sanctions. Note that as the demand grows, the value of
xn becomes higher for every value of «,,. This situation is fair, since
the supplier knows that higher demand is associated with greater
shortage—and thereby greater damage to the customer—in the event
that the supplier has failed to hold the quantity of inventory that the
customer requires. The customer’s and supplier’s unit holding costs
during the whole period of duration 7 are denoted by h. and hs, re-
spectively. The customer pays cost w for every unit of inventory he
receives, and the supplier pays cost b for every unit that he orders.
We assume that all of the unit costs and demand distributions are
known to both of the players. As stated above, the customer sets the
optimal order quantity and the corresponding enforcement level be-
fore the periodic demand is realized, based on its distribution. On the
basis of Stackelberg equilibrium, the customer is able to calculate the
supplier’s decision regarding the level of held quantity (which is also
set at the beginning of the period, before realization of the periodic
demand).

Given an order quantity g,, there are numerous different types of
functions that can be used to set the optimal enforcement level x;. In
this paper we consider the following type of function:

xmax(l — [max (f2, 1) ~oz]K>, if 0
<a <min(g, 1) (2)
O,ifmin(%, D<ac<l

xzn,Dn.K(a) —

for K> 0, where Kis a parameter representing the rigorousness level of
the enforcement policy, i.e., the extent to which sanctions are actually
enforced.

Remark 1. If D, > gy, then (2) becomes xInPnK () = xmax(1 — oK)
forevery0 <o < 1.

As we show in Section 4.3.1 below, under policy (2) the customer
does not actually have to implement the sanctions. He only needs to
have the possibility to do so for the sake of deterrence. Since higher
values of XM imply more effective deterrence, it is preferable for the
customer to set the whole x™M3 as a coefficient in the first term of
(2), and increase the held quantity. Even though this choice may in-
crease his sanctioning cost, this cost remains theoretical and does not
actually occur.

For every realized demand d,, the corresponding func-
tion xg"’d”"{(o{n) is continuous in [0,1]; twice differentiable in
[0, min(g—g,l)); and vanishes in [min(g—;,l), 1]. For every fixed
value of «y, the value xg”’d”’l((otn) is non-decreasing in K. If K > 1,
then xﬂ”’d"’K((xn) is concave in [0, min(g—:, 1)),and if 0 < K < 1, then
it is convex in that interval. Moreover, as K increases and tends to
infinity, xﬁ”‘d”'K (ap) becomes more rigorous and converges to the
limit function xg"‘d“ (o) = xMX for 0 < oy < min(dp/qn, 1). On the
other hand, as K decreases and tends to zero, the enforcement level
tends to the limit function xﬂ”’d” (o) =0 for 0 < o < min(dp/qn, 1).
As we show below, the quantity of inventory that the supplier holds
for the customer, oy qn, does not necessarily increase in K.

Using three-stage backward dynamic programming, we start by
calculating the supplier’s response to the customer’s decisions re-
garding g, and x;,.

3. The supplier’s model
3.1. Model setup

The supplier’s (stochastic) cost at period n, denoted by
C3(qn, Xn, n, Dp), is calculated as follows.
If enqn < Dy, then the supplier’s cost at period n is

o
n

aZ 2
+(b—W)Qn+#qnnhs. (3)

The first term on the right-hand side of (3) is equal to the penalty
inflicted on the supplier, i.e., the cost the supplier pays as a result of
the customer’s enforced sanctions. Assuming that the demand rate
is fixed during the period, the supplier provides new inventory dur-
ing a fraction of % out of the total period duration, T days. Dur-

ing the remaining fraction of the period (1 — ”‘gg”), the customer

spends on average xﬂ"'D” () hours on sanctioning each day. There-
fore, the total number of hours spent on sanctions in period n is equal
to (1 - “5—;3")zxg""’" (an). Note that the supplier may hold zero inven-
tory and supply at the beginning of the next time period rather than
during the current period, but then he will incur excessive penalties.
The second and third terms on the right-hand side of (3) are the sup-
plier’s order and holding costs, respectively.

On the other hand, if «,q, > Dy, then the supplier’s periodic cost

is

D
CrSI(anXna oy, Dp) = (b—w)qn + (an(Jn - %)h& (4)

containing only the order and holding costs.
The supplier’s goal at period n is to minimize the total expected
cost-to-go. Let

N
E( > C.(@m. Xm. tm. D) |. (5)

Bf] (Qn, Xn) = min
(o m=n

e AN )

and let (EC;)(qn, xn, otn) denote the supplier’s expected value of (4).
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According to the Bellman equation (Bellman, 1957; Kogan &
Shnaiderman, 2010), the minimal cost (5) recursively satisfies the fol-
lowing:

BIS\J(QNaXN) = On;in1 (ECE)(QNsts ay)
=0N=
B (qus Xn) = min ((EC})(dn, Xu, &n) +E[B} 4 (Gnsr. Xni1)])
n<N.

Consequently, we recursively define the supplier’s objective
function

{Ji,(qw, xn, ay) = (EC

M (@n. Xn. an)

J5(@n, Xn, otn) = (EG) (qn, Xn, 0tn) + E[B;H (Qn+1sxn+l)]s n<N,
(6)

and obtain the following:

By (qn. Xn) = min J;(qn. Xn. otn).

The customer’s subsequent decisions g1 and x,, 1 depend on his
inventory level I, 1, which fulfills the following conditions.

Remark 2. The initial inventory at period n+1 satisfies
Iny1=In+qn—Dpn, and depends neither on the fraction o, nor on
the enforcement level x;,.

Taken together, the second term of (6) and Remark 2 lead to the
following proposition, which substantially simplifies the supplier’s
calculations.

Proposition 1. The only component of |, that depends on the deci-
sion variable «j, is EG,®, that is, the expected cost of the current pe-
riod. Thus, the supplier can myopically set the value of o, to be that
one that minimizes EC,°, namely, the supplier deals with the follow-
ing periodic problem:

min (ECE)(CIan,Oln) (7)
O<ap<1

By (3) and (4), the supplier’s expected cost at period n, as a func-
tion of &y, (given g, and xp), is

Qn(n dn
(ECS)(Qm Xn, 0y) = (b—w)qy +/(; (anQn )h fa(dn)dd,

L o0 S e a) +

In order to solve (7), we differentiate (8) and obtain

% ""h }fnwn)ddn

8 ECs AnQn

N / o((1- Qn(n _ngn,d,l () an X .y (otn)

An(n dn dn
2
+ (1 - “dq>r : (xz"’f’w(an)) + 2 hs}fn(d@ddn
n n
9)

as well as

da?

+p (0) qu" wGindin (otn) f(otnqn).

Note that, though the conditions for the supplier’s objective func-
tion to be convex are very awkward and therefore not useful, the sec-
ond derivative (10) of the objective function contains five terms, only

I2(EC) [ P”((] _ Ol(ri,gn)zxgmdn (%))( Zn X0 () + (1 — Oann)_L, (Y (o ))
_ /q “”((1 - S et e ) (- St 0y )~ ey (@) +

one of which, (1 — “g—;“')rxn” (ary), may be negative, and this is the sit-
uation if x,(op) is strictly concave. Consequently, the second deriva-
tive is likely to remain positive even if the enforcement level is rigor-
ous. Our numerical experiments also show that the objective function
is either convex and monotonically decreasing or quasi-convex (with
a unique optimal value 0 <ap* < 1). Therefore, we next assume that
the supplier’s objective function (8) is quasi-convex in «y. Also, sub-
stituting o, = 0 in (9) leads to

[ [P e@)(-§rods o+ oty )]
fa(dn)ddy <0, (11)

and substituting o, = 1 in (9) leads to

n
/0 Guhs fo(dn)dd,

oo 2
+ f [p/(O)((lZ:)r-(xz"~"")/(1))+g';hs}fnwn)ddn. (12)

We obtain the following proposition.

Proposition 2. Let the supplier’s objective function (8) be quasi-
convex. According to (11), if x,(0) > O then the supplier will always
choose ap* > 0. If the value of (12) is greater than or equal to 0, then
there exists a unique optimal value 0 < oy * < 1 that solves the follow-
ing equation:

UpQn oo
/0 Qihsfo(dn)dd, + [

idn

(-5 )
n

a* * 2
(—grext e + (1 = 27 oy () ) + “2,
d dn dn

x fu(dn)dd, = 0. (13)

X

Otherwise, ap*=1.0

Proposition 2 determines that the supplier will always hold some
positive level of inventory for the customer (while the order quantity
is positive and the enforcement function does not identically van-
ish) during the period. Furthermore, if the supplier’s holding cost
is high while the penalty cost p is not rigorous (e.g., in the case of
p’'(0) = 0), then he will hold only a partial quantity of the order.
Otherwise, he will prefer to hold the total quantity. However, be-
low we show numerically that even in the former case, if the or-
der quantity g, is lower than or equal to an upper bound Qy, then
the customer can set an enforcement level that leads to an optimal
value of «y, that is approximately equal to 1. Once g, exceeds Qn,
then op* necessarily becomes lower than 1. In other words, when
the customer’s order quantity does not exceed the maximal value
Qn, the supplier is forced to hold that entire quantity during the
current period. On the other hand, the supplier will never hold any
quantity that is greater than Q, (even if g, is much higher than that
quantity).

In what follows we numerically examine these theoretical results.

¢ |f@ndd,
i, (10)
dy

3.2. Numerical examples and sensitivity analysis

In our numerical example, we assume that the duration of each
period is 90 days (i.e. T = 90), that is, one quarter. Let also x™ = 3,

Please cite this article as: M. Shnaiderman, L. Ben-Baruch, Control and enforcement in order to increase supplier inventory in a JIT contract,
European Journal of Operational Research (2015), http://dx.doi.org/10.1016/j.ejor.2015.10.047



http://dx.doi.org/10.1016/j.ejor.2015.10.047

[m5G;November 13, 2015;17:3]

M. Shnaiderman, L. Ben-Baruch / European Journal of Operational Research 000 (2015) 1-12 5

JID: EOR

1.0 . a l/',-l s v
o £~ J L
=

09
"

08

o

0.7 / SRS A W s W WS R s W s W W W w— o w—
|

0.6 I

50 100 150 200 250 300
K

= = =300 = = q=440 = q=450 = q=455
-+ q=600

a

440 _.."_.——————.ll--

~
420 =

400

380

360

340

320

280 w
h
50 100 150 200 250 300
K
= = =300 = = q=44( = q=450 =— q=455
== g=600
b

Fig. 1. Optimal fractions of order quantities (a) and actual held quantities (b) for different values of K and gj,.

and assume that the periodic demand is uniformly distributed in the
interval [0, 500]. Let the penalty cost inflicted by the purchasing de-
partment be of the following quadratic type

p(xn) = a-xn? (14)

(with a > 0), which becomes more rigorous as a increases. Given (2)
and (14), we find that the supplier’s objective function (8) is either
strictly convex or decreasing in [0, 1], namely, it is quasi-convex in
this interval. We first consider how the parameter K affects the held
quantity for fixed orders g,. As expected, ll<iE}J a;(qn, Xﬁ”’d”‘K)qn =0,

and in addition, there exists a limit £,(qn) = Klim o (qn,xﬂ"‘d""()qn.
— 00

The value of ¢, is equal to qy, if g, is lower than or equal to some
quantity ¢,°;otherwise, it is equal to a limit L, (which does not de-
pend on qy).

Let hy = 2 and a = 0.5. We then obtain Q, = 453 (the maximal pos-
sible held quantity) as well as L, = 422. The fraction on*(qn, xﬂ”'d"‘K)
and the held quantity are presented in Fig. 1 as functions of K, for
several values of g.

The jumps in the figures show the existence of an upper bound on
the supplier’s held quantity. Up to this bound, the supplier maintains
sufficient stock to fill the customer’s order, thereby avoiding sanc-
tions. Beyond that bound the supplier incurs sanctions that are al-
most quantity-invariant sanctions. As a result, in cases in which the
supplier is understocked, i.e., incurs sanctions, the optimal level of in-
ventory held by the supplier is lower than the upper bound. Therefore
we observe jumps in the figures from the upper bound (no sanction)
to the new optimal level (quantity-invariant sanctions).

For values of g, that are lower than or equal to 453, the customer
can choose values of K that lead to a value of «,* that is very close
to 1. As p /(0) = 0O, these values of K must be lower than 1 (see (12)).
However, they are found to be closer to 1 than to 0.999. If g, = 300
or gn = 440, then the held quantity is monotonically increasing in
K. Once K exceeds 23 (in the former case) and 230 (in the latter),
on* becomes approximately 1 and the held quantity is equal to g,.
This situation does not change when K grows and tends to infinity.
If the value of g, is close to Qy, then the customer can still force the
supplier to hold the entire ordered quantity during the current pe-
riod. However, once g, exceeds Q,, the maximal held quantity de-
creases. For instance, if g, = 450, then the whole order quantity can

be held by the supplier during the current period. Nevertheless, once
qn becomes greater than Qn, then the maximal held quantity, which
is lower than gy, is even smaller than Q,. When g, = 455 (just slightly
greater than Qy), the maximal held quantity drops to 427 (but is still
higher than L,). If g, increases further, then the held quantity mono-
tonically tends to Ly, that is, it will never be greater than that limit
(see g =600 in Fig. 1).

The decrease of the maximal held quantity for values of g, that
exceed Qn is due to the following. If the order quantity g, is a little
higher than L, (up to the value of Qy), then the supplier prefers to
hold the whole quantity during period n, preventing sanctions and
a penalty (in spite of paying higher holding costs). Once g, exceeds
the value of Qn, the supplier knows he will not hold the whole cus-
tomer’s order quantity due to his holding cost. Hence, he expects to
pay some penalty cost anyway (under (2)), and chooses to reduce the
held quantity (to even a lower value than Qy), as doing so does not
substantially increase his penalty cost, whereas it does decrease his
holding cost.

Moreover, the value of o, * is not necessarily increasing in K, and
may even decrease (see the cases of g, = 450 and g, = 455 in
Fig. 1). This situation is explained as follows. If the value of K is high,
but not huge, then x,, is strictly concave, and there exists an optimal
value oy * that is extremely close to 1, and xp(«,*) almost vanishes.
This value is optimal, since reducing o, beyond this value may signif-
icantly increase the total time that the customer spends on sanction-
ing activity. As a result, the supplier’s penalty may grow substantially.
On the other hand, once K grows even more and becomes very large,
Xxn becomes piecewise linear; it is constant (and equal to x™3X) in an
interval [0, 1-§) for some very small value §, which includes ap*.
Now xp(an*) becomes approximately x™3*  and in order to reduce
his penalty cost, the supplier may increase the value of o,. However,
there is an alternative choice: the supplier may significantly reduce
oy, such that the penalty cost remains the same (but does not grow),
but the holding cost decreases significantly. As our example shows,
the latter possibility may be preferable for the supplier.

Fig. 2 below presents how the maximal held quantities (as func-
tions of g, ) are affected by the parameters hs and a. As expected, these
quantities become lower as the supplier’s unit holding cost hs grows,
and higher when the penalty cost p becomes more rigorous (i.e., a in-
creases). If hs=2 and a = 0.5, then Q, is equal to 453 and L, = 422,
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Fig. 2. The impact of the supplier’s holding cost (a) and punishment level (b) on held quantities.

as we found above. When hg decreases to 1 or increases to 6, then Qy
increases to 463 (and L, = 446) or decreases to 410 (and L, = 372), re-
spectively. If a decreases to 0.1 or increases to 3, the maximal quantity
Qn becomes 381 or 478, respectively. The corresponding limit value L,
is equal to 340 or to 467, respectively.

We now go through the customer’s periodic problem.

4. The customer’s problem
4.1. Model setup
In order to satisfy his periodic demand, the customer makes all

decisions such that I+o,qn > Dy necessarily holds (see below). The
customer’s periodic cost is

G (Inv qn, xsz" ) Dn)

* qn.Dn
_c. (1 - W),xgn,on (02 20)) + g,
n

2
D o ’an-Dn 2
I = 2 o (g, X3P gy — (@i (gn. Xa"™)) G

1
5 2D, he (15)
while anqn< Dp<Ip+ onqn, or
Crg(ln, qn, Xﬂ"‘d", Dn) = W(qn + Inhe, (16)

if Dp<onqn. The first term on the right-hand side of (15) is the cost
that the customer pays due to sanctioning (recall that the expression

. an.D
1- “”(q"",gﬂ)rxﬂ”’n " (e (qn. x3Pm)) represents the total time

that the customer devotes to sanctions, as described in Section 3.1
above). The third term on the right-hand side of (15) refers to the
customer’s holding cost, which is obtained as follows. The customer
first uses the inventory that is replenished by the supplier. If this in-
ventory does not satisfy the periodic demand (i.e. Dp>anqn), the cus-
tomer then uses the inventory from his own warehouse (and may also
implement sanctions at the same time).

Based on (15) and (16) above, the customer’s expected periodic
cost (before the periodic realized demand is known), as a function of
In, qn and xp, is equal to

(ECS) (In. g, X°7)
R * qn:dn
= W(qn + Inhc +/ (C . (] — OM‘)-[xgqmdn)(an)

QnQn dn

* n,dn 2 2
+ [ o (o, X2 g — CCHC L ) he
2 2d,

x fn(dn)ddy. (17)

Similarly to the supplier, the customer’s goal is to minimize his
total expected cost-to-go, and we denote

N
By (In) = min E Zcrcn(lvam,x?nm'Dm’Dm) - (18)

D )
QoG XM "’) m=n

According to the Bellman equation,

BS(Iy) = min (ECS) Iy, gn, xI°PY)
qN,XZNDN

1 n,Dn
By (In) = qn;}nD ((ECS) (I, @n. X" + E[BS, 1 (Ins1) ]). n < N,

(19)

such thatl, 1 = Iy + qn —Dp.
Based on (19), we define the following objective function:

J5Un. an, x,‘z,”’DN) = (ECS) (I, qn, ngN.DN)
Jﬁ (In, qn, Xﬂ"'D”) = (ECﬁ)(In, qn., X?I”'D") (20)
+E[BS, 1 (h +Gn —D)]n <N,

receiving

i Dy
B (I) = i, T (I @, x3).

In order to prevent inventory shortages during period n, the cus-
tomer must ensure that his total available inventory during this pe-
riod, I, + apqn, meets the demand D;,. In other words, the customer
has to determine his order quantity and enforcement level such
that

Pr(Dy > In + &}, (qn. Xn) - Gn) < & (21)

for a small positive number ¢. Constraint (21) implies that, theoreti-
cally, a situation of a shortage is possible for every small ¢ > 0 if the
demand probability distribution is not bounded. Since the probability
for such shortage is very small, this approximation does not affect the
main results. Let d™* = F, (1 — ¢); then inequality (21) is satisfied
if and only if

In + 0 (qn, Xn) - qn > dp'®™. (22)
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According to the previous section, the left-hand side of (22) is
bounded from above by I,+Qy, so a necessary condition for the ex-
istence of a solution that satisfies (22) is

In = dn™™ — Qu (23)

(it should be noted that as the supplier knows how Dy, is distributed,
the value of Q, never exceeds d,,™). Furthermore, the initial inven-
tory of the next period, n + 1, must be taken into account, and the
current order quantity g, must be high enough such that I ; will
necessarily be greater than or equal to d,  ;™¥*—Qy 1. That s,

Pr(lngy < dnys e — Q1) ¢ (24)

(at the beginning of period n, the inventory I, is a random variable
that depends on D;,). Thus, g, must satisfy

Gn > "™ — I + dn — Qnyq. (25)

If the initial inventory I, satisfies (23) but is very close to
d,M3*_—Qp, then the customer is in need of a high quantity held by
the supplier which is close to the maximal possible capacity Qn. As
we saw in Section 3 above, the customer must order exactly that
quantity, and no more. However, from (25) we find that g, has to be
higher than d,™#*—I,, which is very close to Q, (while I, is approxi-
mately d,™**—Q,). That is, g, must be greater than Q,. Consequently
there may be no value of g that satisfies both (22) and (25). As a re-
sult, a more rigorous constraint regarding the initial inventory is re-
quired, and, accordingly, based on the previous section, we replace Q,
with L in constraints (23) and (25), for n < N—1. In this situation, the
customer needs the supplier to hold for him L, units of inventory at
most during the current period. The customer can increase his order
qn as much as required, provided that the quantity being held does
not drop lower than L;.

We now formulate the customer’s periodic problem. Assuming
that

In > d,"™ — Ly, (26)
the customer solves the following problem:

min_J5(gn, x§""") (27)
qn-Xﬁ”'D"
S.£.0 (qn, X") g = d™ — Iy (28)
Gn = dp™™ —Ip + dn T — Ly . (29)

Joo1(@n-1. Xn-1) = Wan—q + Inoqhe +/

<(QN . dn-1 N1
an-1 2 2dy_4

In_1+qy-g —dy™™ E[D,
+ /0 <1N1 +qn-1 —dy-1 — [ZN] he fu-1(dn-1)ddn_4 +/

In the last period, the customer only has to ensure that his avail-
able inventory satisfies constraint (28). Consequently, if the initial in-
ventory Iy is lower than dy™3*, the customer orders up to that bound.
Otherwise, the customer orders nothing, as indicated in the following
proposition.

Proposition 3. The customer’s optimal order quantity in the last pe-
riod is

N
an*(Iv) = (dv™ = Iy) " (32)

Proof. To find an optimal order quantity, we differentiate objective
function (31).

Ot @, 0) _ /oo (1 2% )hefitd)ddy > 0.
dqn aw dy

Since the derivative is positive, the objective function is increas-
ing in g,. Therefore, the optimal order quantity is the minimal non-
negative value that meets constraint (28). O

Substituting the optimal quantity (32) in (31), the minimal ex-
pected cost at period N is as follows. If Iy < dy™3*, then

B () = widy™ ~ 1) + Ik + [ - ,
max dy (™ Iy’
x <dN ~-S- 2dN>hch(dN)ddN.
(33)
Otherwise,
B () = (IN - E“j”])hc. (34)

Next, we consider period N—1.

Let n =N—1. According to (30), constraint (29) is necessarily satis-
fied for every order quantity qy—; > 0. The customer has to replenish
his inventory up to dy_1™3, and if the initial inventory Iy_; is suf-
ficiently large to meet (23), then this is possible. Moreover, as men-
tioned in the previous section, when 0 < gy_1 < Qu_1, the customer
is able to force the supplier to hold his entire order quantity during
that period, that is, y_1=1, preventing any sanction cost. Thus, the
customer’s objective function (obtained by (17), (20), (33) and (34))
is

) hc) fN—] (dN—l )ddN—l

00

Iv_1+qno1—dy™

w(dy™ —In_1 — qn-1 + dn-1) + (-1 + qn-1 — dn_1)he+

X | oo max dy _ (™ Iy —qy_i+dy )’
Janm™ 1y gty (dN ~In-1—Qn-1 +dyog - G e ) he fiv(dy)ddy

In Sections 4.2 and 4.3 we solve problem (27)-(29). First, we find
the optimal solution in the last two periods.

4.2. The last two periods

Let n = N. During the current period, the supplier must hold the
customer’s entire order quantity, since there is no “next period” to-
wards which he can supply the rest of the inventory. Hence,

Qv =Ly = o0, (30)

and x, = 0, and according to (17) and (20), the customer’s objective
function is equal to

0o d 2
JNvUn. G, 0) = way + Inhe +/ (CIN - 71\1 - Tqév >hch(dN)ddN~
an N

(31)

fuo1(dy-1)ddy_q. (35)

If the initial inventory is lower than dy_;™, then the customer
may order dy_1™¥ — Iy_4 units of inventory. He does not need to
order a greater quantity than this, since at the beginning of the next
period, after the demand of the current period is realized, he can ob-
serve his initial inventory Iy and order (as well as receive) as much
as required. Indeed, the objective function (35)) is increasing, and the
following proposition is obtained.

Proposition 4. Assume that Iy_q satisfies (23). Then the customer’s
optimal order quantity at period N—1 is

vt (Ino1) = (Avaa ™ = Ivp) " (36)

and the optimal enforcement level xy_1* (for Iy_1 < dy_1™) is one
that leads to oy, ((dF® —In-1)+. %y ) =1. O

We now examine the customer’s problem in earlier periods.
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4.3. Period n,n < N—1

At the beginning of the current period, the customer’s initial in-
ventory I, is assumed to meet (26). The ordered quantity g, and the
enforcement level x, must satisfy constraints (28) and (29). We first
calculate the customer’s optimal enforcement level given the order
quantity.

4.3.1. Setting the optimal enforcement level
Assume that the order quantity g, has been set, satisfying (29).
According to (20), we obtain the following remark.

Remark 3. Given the order quantity q,, the only component of the
objective function (20) that is affected by the enforcement level is
the expected cost of the current period, i.e., (EC}) (In, qn, Xn). O

Given the order quantity gy, the enforcement level x, must be rig-
orous enough so that constraint (28) can be met. Additional rigorous-
ness increases the supplier’s held quantity o;;(qn, Xn) - gn up to either
Qn (for gn < Qq) or L, (otherwise). Generally, a more rigorous pol-
icy leads to the supplier holding a larger inventory. This may reduce
the customer’s sanctioning cost but leads to higher holding costs. The
customer needs the supplier to hold (d,™¥* I, )" units for him during
the current period. As shown in Section 3, there exists a nonempty
set of enforcement levels, which we denote by S(I, gn), such that
o (qn, Xn) - qn > (AT — I,)* for every x, € S(In,qn). As a result, the
customer is able to set the following policy (for g, > 0):

Chay
. Xn(tn), S
xn(an)={ (o)

if .0 <ap < . (37)
0, otherwise,

for any x,eS(I, qn), receiving the following:

Proposition 5. Let x;, €S(I,qn) such that (EG,%)(«p) is quasi-convex.

Under policy (37), the supplier sets «;; = M, that is, the held
quantity is equal to exactly (d,™*—I,)*. Furthermore, X, is the cus-

tomer’s optimal enforcement level.

Proof. Let o,** be the value that minimizes EC,® under q, and x;;
then o™ >ap*. As EC,S is quasi-convex, it is decreasing in the in-
terval [0, @p**], and in particular in [0, op*]. As a result, EG,® is de-
creasing in [0,a,*) under X, as well. Since %, is integrable in [0,on*]
(piecewise continuous), EG,® is continuous in that interval. Namely,
forevery 0 < oy < oy,

(ECS)(Qn, Xn, ap) > (ECTS!)(qn, Xn, O‘;;) (38)

The sanction policy X, vanishes in the interval [« *, 1], and by sub-
stituting it in (8) we have
Jd(ECS Cnn © ayq?
SR = [ ooty + [~ g d)ddy = 0

8an 0 QnQn n
there. From the continuity of EC,* we find that (38) is satisfied for
every on* <oy < 1as well.

Consequently, under Xn,
Orgin1{(ECg)(Qn,gn,an)}-

=0n=

Now consider the customer’s expected cost under policy (37). Let
x" be an enforcement level such that constraint (28) is met, and let
@n be the supplier’s response. Then &,-qn > ( d,™¥*— I,,)*. According
to (17),

(EG) (n, Zn, ) =

QnQn n

(the second inequality is based on increasing the function g(y) =

2
5= 5 = 3hef(H)dt). O
We now calculate the optimal order quantity.

4.3.2. Setting the optimal order quantity

Unlike the optimal enforcement level, the optimal value of g, is
not calculated myopically, but dynamically, taking into account the
derived expected costs of the next periods. Indeed, both the compo-
nents of the right-hand side of the second term of (20) depend on
qn- The order quantity must lead to an enforcement level which sat-
isfies constraint (28), and according to policy (37) and Proposition 5,
constraint (28) is met as well. We now show that the optimal order
quantity is

Gn" = (dnmax — Iy + dp " - Ln+1)+~ (39)

The optimality of (39) is formulated in Proposition 6 below, and
its proof is based on the following lemmas.

Lemma 1. The expected cost of the current period is increasing in g,
OL(EGY) Un.qn.Xn)] _
such that HI =w.

Proof. According to (37) and Proposition 5, (17) becomes
o0

EC; = wqn + Inhe +/
(dnax—g)*

dmax — 1, +)2
y ((d,z“ax N W)hcfn(dn)ddn.

O

Lemma 2. Let n < N-2. If the Bellman function B¢ 1 (I, 1) satisfies
dB¢ Lo . . .
= > —w, then the objective function Jn(qn) is increasing. More-
n+1 Be
I

over, the Bellman function B(I,) satisfies %—: > —w as well.

Proof. According to Remark 2, B, 1(Iny1)= Bn41 (In+qn—Dn), and
given a value of D,
aBrcHl _ dBrc1+1 8In+1 _ dB;H
= = 1> —-w. (40)
d¢n dlhpr 0gn dlyi1
As (40) is satisfied for every value of Dy, then the expected value
of that derivative is greater than -w, and by the Leibniz Integral Rule
we obtain

9E[B; 4] 9B,
g E 0qn -

Based on this result, as well as on Lemma 1, the objective function
satisfies
OE[BS

a]rg 8(EC§) BE[B,CH_]] +1]
= =W+ ———>w-w=0. 41
dqn  Oqn 9qn 9qn 41
As aresult, J, is increasing, and the optimal order quantity is (39).
Now consider B®y,. Since BS(In) = JS(In, g5 (In), ®:(In, g};)), then ac-
cording to the chain rule,

R a inln \ o/ 4 o dy (Gagn)’
(Ecﬁ)(ln, Qn, Xn) = W@y + Iyhc +/ (C' (1 - ?)Tx(an) + (anQn - ?n - (Ot;:i] ) >hc>fn(dn)ddn
n

dy  (@ngn)’

= w +1h+/m Gngn — 21
qn nttc &"qn ( nqn 2 Zdn

)hcfn (dn)ddh

> W@y, + Ihhe +/

(D 2dn

2
* d (@'
max __ +_n n
n7111)+ (((dn In) 2

)hc> fn(dn)ddn :(Ecﬁ)(lna qn, gn)
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and dq” = —1.Thus, (42) is equal to

aBy ()5, O dag O d%
dl, ~ \dl, 9q, dl, 0%, dI, .
ajc 8Jc : ajc qn=qn d B«r:] (a Jc 0 JC
— _Jn n q: n . F = W — 87 =q;
= (azn T 9 dly T 0%, O) e ! v
n=4n a(pn a(pn
_ (9, 9J; dg; = he+ o -3 > —w.
- <aln + BCIn C”n an=q ’ (42) " =i fn dn=in
Define ¢n(In,qn)=E[B“n+1 (In+qn—Dn)]. Then according to (20) and If Iy> dp™*+ dy g ™*—Ly1q, then (43)is valid and ‘jﬂ” = 0. Thus,
Lemma 1 (42) becomes
aJS 9 (ECS d ad
Bi: (3 ”)—&-8%: 8%' dB;  dJy Chet B(pn
o On — On I d, = 9l 1 N
If I, < d,™ then P
s _ OEC) g =h.+ (815[3,;1(1,1 +Gn — D,,)]) e
dl, dl, dl, n
o0 d,™ ™ — 1 d [ 9
= |:] — /d o (] - ndnn)fn(dn)ddni|hc + a(fnn =hc+E TIHBEH (In+qn —Dy) |qn=LI§
Note that [ d Ay
0 _ oM d(In + qn) _ 0@y =hc+E 7d1n n+1(n+1) s i| =0,
0qn  d(n+qn)  0n ~ Al +qn) -
C
as well as =hc+E L;”&] (I"+1):| qomg; > He —W > —w.
O¢n _ Ogn  O(n+qn) _ O¢n nl
ol, — a(l al, A ’
! 9 +dq") s " 9(In +n) w for ng < N—1, then for every n < ng the
nd therefore ? “’" = Zon, et ion € o ;
n .
d ln objective function J,(qy) is increasing
Also, accordmgt (39), dq” = —1.Thus, (42) becomes

Proof. According to the first result of Lemma 2, our assumption leads
to an increase ofj,ﬁ(r1 (qny—1)- Moreover, from the second result of

dB; _ (9 8]°
dr, — \ dl, By 4 e .
that lemma we have -2 - > W Satisfying Lemma 2 again, we find
Tlof

d max _ In 8(pn
= |:1 - _/ max_y. (1 - d, fa(dn)ddy | he + 3, 9= that],ﬁ(r2 (qny—2) is increasing as well, and that 37:;:22 > —w, and so
on. O

8(/),1
—w- ’qn—qn
We are now ready to formulate the main result of the current sub-

1- o Fu(dn)ddy e —w section. The optimal order quantity is the minimal one that ensures

ey JTNTIEETC that the demand of the current period is satisfied and that the next

0 period begins with a basic initial inventory.
>[1 - / fn(dn)ddn]hc —w——w.
0
If dym* < I < dp™*+ dpp 1M& —Lp, ¢, then
Ay _ 9(EG) | d¢n d¢n
dl,
By_1(Un-1) = w(dy®} — In-1) + In-1he

A, al, ol

o0 dv. (dmax — Iy )2 AP —dmax EID

+/ dy®y —Iyo1 — et TN he | fu-1(dy-1)ddn-4 +/ Ayl —dy-q — [ N] he fy-1(dy-1)ddn_1
ama gy, 2 2dy-_4 0

Proposition 6. The optimal order quantity at period n < N—1 is (39).

Proof. Let nyg = N-1. Then according to (35) and (36), if
(43) IN—] < dN_1maX then

= he+

- AR — 7% 4 dy ;) + (A% — dy_het
~ max_gmax gy 2 _ d _ dd —
’ /d—d Jae ot <d?v“ax — AR dy - G - W)hch(dN)ddN Ju-1 (1) ddy

that is

dBS,_, (Un- o0 Ay — Iy o0
haalhed) [ [T (- ) o e [T [ @ddn Jre= -
dly_4 0 dn_1 0

On the other hand, if Iy_1> dy_1™ then

E[Dn- I-1—dy™ E[D
By_1(Un-1) = In_1he — (D 1]hc-i-/o (INl —dy_1 — [ N])h Sn-1(ty-1)ddn_q

2

o0 w(dy®™ —Iv_1 +dy-1) + (In-1 — dn-1)he+ i e dd
| s, (9% =y — E S Y g [ G
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namely,

dB1cV,1 (IN—l )
diy_y

_dmax

Ino1—dy
.
0

x fy-1(dy-1)ddn_q

—W(] — FN_1 (IN_1 — dlr\ll-lax)) + th — / |:/
—dpax | Jd

In-1

_gmax
Iy —dy

—w+2h.—

\

= —-w+he> —w.

According to Corollary 1, the solution (39) is optimal for every
n<N-1.0O

Having determined the customer’s periodic optimal solution, we
present numerical examples in the next subsection.

4.4. Numerical illustrations

In our example, we consider a one-year contract such that every
quarter is a "period”, namely, N = 4 and 7 = 90. As in our previous
examples, the customer’s enforcement level is according to (2), and
the penalty that the customer inflicts on the supplier is calculated
asin (14). Let w= 10, c = 50, x™¥* = 3, a = 0.5 and &€ = 0.025, and as-
sume that the demands of the four quarters are uniformly distributed
such that D;~U[0,200], D,~U[0,500], D3~U[0,800] and D4~U[0,300].
Showing how the customer’s expected total cost is affected by the
model’s various parameters, we compare the results of our model
to two benchmarks. The first one ("Benchmark 1") is based on the
"ideal" case. The supplier always holds the whole ordered quantity
qn during period n. The second one ("Benchmark 2") corresponds to
the "worst" case. The supplier does not hold any inventory during pe-
riod n, and the customer receives his entire order at the end of that
period. Fig. 3 presents the impact of the parameters hc, hs, X™¥* and
a on the customer’s optimal cost, B¢; (the rest of the parameters in
each graph are assumed to be as given above). To be precise, this cost
includes the order cost of the initial inventory, i.e., w-I;, since as hs
increases or alternatively, x™3 or a decreases, the supplier reduces
the held quantity (and the customer’s costs grow). As a result, the
customer must hold greater initial inventories in order to meet prob-
able demand. Therefore, the initial inventories are assumed to be the
minimal values that ensure that this demand is met.

As the unit holding costs he and hs grow, a situation in which
the supplier holds the entire order quantity becomes more effec-
tive for the customer. According to Fig. 3a, the customer’s expected
cost under our model is only slightly higher than that of Benchmark 1

he fy-1(dy-1)ddn_4 +f |:—W +he — /d

X —Iy_1+dy-1

oo dmax _I _ d _
(1 - w>hch(dN)ddNi|

WX —Iy_1+dn-1

(1 AR = Iy +dyy

™ ) he fn (dN)ddN] Sn—1(dy-1)ddn_q

- [ /d o hch(dN)ddN]fN_l(tN_l)ddN_1>—w+2hc— fo [ /0 hch(dN)ddN]fN_1(dN_1>ddN_1
N_1—d®* N —Iy_1+dn-1

(but significantly lower than that of Benchmark 2). If he=hs=2, then
this cost is equal to 14,272 in Benchmark 1 and to 14,567 in our model.
That is to say, the deterrence directed toward the supplier is effective,
such that the customer’s actual cost is only 2 percent higher than that
of the ideal case. Moreover, the actual cost is reduced by 22 percent
compared to Benchmark 2 (the latter is 18719). If hc and hs increase
to 5, then the total expected costs under Benchmark 1, our model and
Benchmark 2 are, respectively 16,480, 17,817, and 25,365. The cost un-
der our model is 8 percent higher than Benchmark 1, and 30 percent
lower than Benchmark 2.

The maximal number of hours devoted to sanctions each day af-
fects the customer’s costs in our model (in contrast to Benchmarks 1
and 2, where the costs are fixed at 14,272 and 18,719, respectively),
as shown in Fig. 3b. If x™# = 3  then the customer’s expected to-
tal cost is equal to 14,567, as before. If xX™¥* increases to 5, then the
cost decreases to 14,439 (i.e., it is only 1 percent higher than that
of Benchmark 1). Even if ™3 is lower and is equal to 0.5, the cost,
15,806 in our model, is reduced by 16 percent, compared with that of
Benchmark 2. Therefore, the ability to devote even 1 hour each day
to sanctions may constitute a significant deterrence measure. Simi-
larly to xMa* the purchasing department’s punishment level, a in our
example, affects the customer’s expected cost, as shown in Fig. 3c.

In our research, we assume that shortages are unacceptable to the
customer, and that he orders sufficient inventory to ensure that the
entire demand will be satisfied. Consequently, if demand uncertainty
is high, then the total quantity that the customer orders (>_ g ) is sup-

n
posed to significantly exceed the actual required capacity (3" Dy). As
n

a result, the customer’s total cost is expected to grow. Let the cus-
tomer’s initial inventory be I; = 80; then Fig. 4 illustrates how the
customer’s total order as well as his cost depends on variance in de-
mand. Values on the horizontal axis represent the levels of variance
compared with those of the distributions given above ("100 percent”

24000
18000 18000
22000
17000 17000
20000
Bel Bel Bel
18000 16000 16000
16000
15000 15000 ¥
14000
1 2 4 5 05 1 15 2 25
x(max) a
|=— Our Model = = Benchmark 1 = - Benchmark 2| [=— x(max) = = B k| = * Benchmark 2| [==—0Our Model * = Benchmark 1 == Benchmark 2
3a 3b 3c

Fig. 3. Customer’s expected total costs as function of the parameters h. and hs (3a), x™® (3b) and a (3c).
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Fig. 4. Influence of demand uncertainty on the customer’s total order quantities (a), percentage of used inventory (b) and total expected cost (c).

means that they are the same as those in the original examples). All
the means remain the same as in the original distributions.

If the possible ranges of the demands are reduced by half,
then the demand distributions are D;~U[50,150], D,~U[125,375],
D3~U[200,600] and D4~U[75,225], and the corresponding variances
constitute 25 percent of the original ones. In this case, the total or-
dered quantity is reduced by 17 percent, from 1111 to 927 (see Fig. 4a).
The percentage of used inventory (out of the total ordered inventory)
grows from 74 percent (820 of 1111) to 88 percent (820 of 927), as
shown in Fig. 4b. According to Fig. 4c, the customer’s total expected
cost is reduced by 20 percent, from 13,832 to 11,123. As the variances
tend to zero, the total ordered quantity decreases by 26 percent, to
820 (that is, the customer complements the initial inventory 80 to the
exact quantity of the total deterministic demand 900). The percent-
age of inventory used tends to 100 percent, and the total expected
cost is reduced by almost 40 percent, to 8372.

5. Conclusions

In order to ensure short replenishment lead times by suppliers,
organizations have to enforce contracts and impose penalties. In this
paper we show how a customer can effectively enforce on-time re-
plenishment, by imposing sanctions on the supplier. Our model is
based on a Stackelberg competition game. Initiating a enforcement
level, the customer becomes the lead player and forces the supplier
to hold inventory, which is made available to the customer in real
time, according to the JIT approach. This policy, which is analytically
formulated in a mathematical function referred to as the enforcement
level, takes into account the stochastic demand distribution as well;
the higher the demands are supposed to be, the greater the inven-
tory the supplier holds for the customer. Using a class of sanctioning
functions, we show that the customer can force the supplier to hold
inventory up to some maximal value, such that actual enforcement
of sanctions is unnecessary. This value depends on the total time that
the customer can actually spend on enforcement each day; on the rig-
orousness of the penalty that the purchasing department inflicts on
the supplier when he does not fulfill orders on time; on the holding
cost; and on the demand distribution. Moreover, we find that, con-
trary to expectations, escalation of the customer’s enforcement level
may decrease the level of inventory that the supplier holds, thereby
diminishing his capacity to replenish inventory on time.

The problem is solved using backward dynamic programming
such that the total expected costs-to-go are minimized. The sup-
plier’s decision regarding the periodic held quantity (i.e., the inven-
tory quantity made available for the customer), as well as the cus-
tomer’s decision regarding the periodic enforcement level, can be
set myopically, taking into account only the expected cost of the

current period. The customer’s minimal periodic order quantity,
which ensures that the customer is able to satisfy the current de-
mand as well as to receive basic initial inventory for the next pe-
riod, is shown to be optimal. Having the possibility to spend a few
hours each day on sanctioning activity substantially reduces the cus-
tomer’s expected cost. In particular, in a numerical example based
on the Israel Police’s data, the customer’s cost under an enforcement
level was less than 10 percent higher than the cost in an "ideal" situa-
tion, in which all inventory was necessarily replenished on time. Un-
der certain parameter values, the difference was reduced to less than
2 percent. Moreover, as the customer must avoid any shortages, high
uncertainty regarding demand significantly increases the inventory
quantity that he orders. In our examples, a decrease of 50 percent in
the possible range of demand (for the same mean) was shown to re-
duce by almost 20 percent both the total order quantity and expected
cost. When demand variance tended to zero, the customer’s expected
cost was reduced by 40 percent.

We propose several important yet challenging directions for fu-
ture research. In this paper, we considered one organization that is
committed to a unique supplier. It would be very interesting to re-
search scenarios in which several organizations work with a single
supplier. Furthermore, the possibility of adding an additional supplier
for backup, as suggested by Kouvelis and Li (2008), may be integrated
into our model. In this paper we made several assumptions, including
(i) a specific class of sanctioning functions; (ii) random total demand
in each period, but with constant demand rates over the course of
the period; and (iii) full transparency between the supply chain par-
ties, i.e., all unit costs and demand distributions were known to both
the supplier and the customer. These assumptions could be relaxed.
Likewise, some limited shortages could be allowed.
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